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We show that some classicaUy chaotic quantum systems uncoupled from noisy environments may 
generate intrinsic decoherence with all its associated efltects. In particular, we have observed time 
irreversibility and high sensitivity to small perturbations in the initial conditions in a quasiperiodic 
version of the kicked rotor. The existence of simple quantum systems with intrinsic decoherence 
clarifies the quantum-classical correspondence in chaotic systems. 
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It is well established, mainly from the important con- 
tributions by Zurek and others , that weak interaction 
of a quantum system with a noisy environment induces 
decoherence in the quantum dynamical evolution. Ulti- 
mately this effect is behind the emergence of a classical 
world from the quantum formalism. In the case of quan- 
tum systems with chaotic classical analogs, this implies 
that diffusion, entropy increase, time irreversibility and 
other typical characteristics of classical chaos emerge as 
a result from the decoherence induced by noisy environ- 
ments. Experimental evidence of the effects of the deco- 
herence induced by coupling to noisy environments has 
been obtained in the case of the quantum kicked rotor 
using optical atom traps. The effect of decoherence is 
to destroy dynamical localization and establish a quan- 
tum diffusion regime 2]. Similar effects have also been 
observed using trapped ions |3||. It is interesting to in- 
quire how essential is the role of the environment in the 
emergence of classical-like chaotic behavior in quantum 
systems. Can the same dynamical effects due to a noisy 
environment be obtained from a modified hamiltonian 
without coupling to the environment? In other words, 
can a quantum system develop "intrinsic decoherence"? 

In this paper we show that a modified version of the 
kicked rotor can develop classical-like effects usually as- 
sociated to environment -induced decoherence. These ef- 
fects include irreversibility and a high sensibility to small 
perturbations in the initial conditions. The possibility 
of the generation of "intrinsic decoherence" in systems 
isolated from their environment, has recently been sug- 
gested in the literature 0, |^ . 

We recall that in the classical kicked rotor, for strong 
enough kick strengths, there is global chaos in phase 
space with all its manifestations. This includes ex- 
ponential sensibility to small perturbations in the ini- 
tial conditions and time-irreversibility. Despite that the 
equations of motion are time-reversible, if time is re- 
versed, small errors are exponentially amplified and a 
new diffusive process takes place. In the quantum me- 



chanical case, the diffusive process in action space is 
suppressed after a characteristic time due to dynami- 
cal localization, a quantum coherence effect. The quan- 
tum suppression of chaos due to dynamical localization 
takes place ultimately due to the discrete nature of the 
quasienergy spectrum of the kicked rotor 0- If time is 
reversed, the unitary evolution returns the system to its 
initial state, in spite of small errors in the initial condi- 
tions. This striking manifestation of the quantum sup- 
pression of chaos was first shown numerically by Graham 
and Dittrich 8J. 

Wc now introduce a specific model system, the 
quasiperiodic kicked rotor. Consider a rotor to which 
a periodic series of impulsive kicks of strength K and 
period Ti is applied. If a second periodic series of kicks 
with the same strength and a period T2 incommensu- 
rate with the first, is applied to the rotor the resulting 
time-dependent hamiltonian is quasiperiodic and can be 
written as 
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where P is the angular momentum, 6 is the angular posi- 
tion of the rotor and we choose units so that the moment 
of inertia is / = 1. It has been shown j£] that in this 
system the initial diffusion persists for arbitrarily long 
times. In fact, this system can be described by a mas- 
ter equation and the entropy increases forever in a way 
typical of a decoherent evolution |lClj| . It is worth noting 
that the decoherence we are discussing here is not due 
to the coupling with a noisy environment, but is due to 
the dynamical complexity of the hamiltonian. When the 
second series of kicks is added to the kicked rotor, the 
underlaying frequency response spectrum changes from 
a discrete (pure-point) to a dense spectrum 

It is interesting to find whether this intrinsic decoher- 
ence also implies a time-irreversible quantum dynamics, 
as it is the case with environment-induced decoherence. 
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If we reverse time in the quasiperiodic kicked rotor, we 
find that there is no sensitivity to smaU perturbations 
in the wavefunction. However, a closer look reveals that 
perturbing the wavefunction components is not analo- 
gous to perturbing the classical phase space coordinates. 
The classical analog of a perturbation of the wavefunction 
would be perhaps to perturb the Liouville function of the 
corresponding classical system. As is well known, the lin- 
ear nature of the Liouville equation prevents any small 
perturbation in the distribution function from growing 
exponentially fast, even under conditions of global chaos. 
The actual analog of perturbing the classical phase space 
coordinates, would be to perturb the expected value of 
some suitable quantum observable. Then, small pertur- 
bations in the expectation value of these observables may, 
under certain circumstances, lead to large variations in 
the wave function. 

We have tested the previous considerations using the 
quasiperiodic kicked rotor described by In the posi- 
tion representation, the wavefunction is 
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The evolution for a£{t) is obtained in a straightforward 
way from the quantum map 

OQ 

j = -oo 

(3) 

where we refer to the instant immediately after the n*'* 
kick as t„, to the time interval between two consecutive 
kicks as Ai„ = — i„ and Jk is the /c'^ order cylindri- 
cal Bessel function. The time intervals Ai„ are in general 
different, since they depend on the kick sequence. In fact, 
they form a dense set. Note that the periodically kicked 
rotor is also described by the quantum map Q with a 
constant time interval between kicks At = T ^ 1. 

If a small perturbation is introduced in the angular 
position, 9 ^ 9 + e, the wavefunction (|2Jl becomes 



(4) 

where the transformed coefficients = aie^^^ have ac- 
quired a phase. Note that for given e, the wave function 
components with larger £ undergo larger phase shifts. 

We consider the evolution of an initial wavepacket un- 
der the quantum map At a certain point t* the 
direction of time is reversed, t ^ —t and a small per- 
turbation e is introduced in the angular position, as de- 
scribed in Q). As shown in figure^ if the perturbation is 
above a certain threshold, the system resumes diffusion 
after a characteristic time which depends on e. This can 
be understood by considering eq. 10} which shows how 
the perturbation affects the wavefunction. We adopt the 
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FIG. 1: Effect of different perturbation strengths on the time evo- 
lution of ^n^) in the quasiperiodic kicked rotor. Time is inverted af- 
ter 10^ kicks and different perturbation strengths, e = 10~^ (thick 
line), e = 3 X 10"'^ (thin Une) and e = 10 X 10~^ (dotted line) are 
applied to the state vector as described in the text. 

following criteria to decide whether a given angular mo- 
mentum component is present in the wavefunction: con- 
sider a small number (5^1, then the angular momentum 
component (. is present in the wavefunction if the condi- 
tion |a£p > 5 is satisfied. We define Imax, as the high- 
est angular momentum component present in the wave- 
function. If imaxS 1, the perturbation will have no 
appreciable effect on the dynamics and the reversibility 
associated to a unitary quantum evolution will manifest 
itself. On the other hand, if imaxS ~ 1, the perturba- 
tion affects strongly the wavefunction and irreversibility 
will be apparent after a characteristic time. The weaker 
the perturbation, the larger this characteristic time, as 
we show in figure ^ For a weak enough perturbation the 
system will return to its initial state in a way characteris- 
tic of time-reversible systems. The threshold value of the 
perturbation is simply related to the maximum angular 
momentum present in the wavefunction 

1 

£th « -7 . (5) 

In this system, as time progresses, diffusion in angular 
momentum causes progressively higher angular momen- 
tum modes to participate in the dynamics, in the sense 
detailed above. Therefore, the sensitivity of the wave- 
function to a given perturbation, as measured by eth, 
increases with time. 

In figure 121 we show this increasing sensibility by con- 
sidering the effect of a given perturbation for different 
"break times" t* . The time the system takes to resume 
diffusion decreases as t* becomes larger, indicating an 
increasing sensibility to the same perturbation. This is 
due to the fact that the threshold value eth decreases with 
time as imax increases. This diffuse process continues for 
arbitrary long times, in the quasiperiodic kicked rotor, a 
system with a dense frequency response spectrum. That 
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FIG. 2; Effect of inverting time at different points in the evolution 
of («^) for tfie quasiperiodic kicked rotor. Time is inverted after 
5000 kicks, 10000 kicks and 20000 kicks. The same perturbation 
e = 3 X 10"'^ is apphed in all cases. The dotted lines represent the 
unperturbed reversible evolution after time reversal. 

is, the frequencies involved in a Fourier analysis of the 
dynamical response of the system form a dense set j^. 
(For non-periodic time-dependent hamiltonians the fre- 
quency response spectrum is its natural generalization of 
the quasienergy spectrum of periodic systems). 

It is instructive to consider the case of a discrete spec- 
trum, as that of the periodically kicked rotor. If we con- 
sider the effect of time reversal and a perturbation on 
this system, it is not surprising that for reversal times t* 
less than the localization time t, we find that figures 
and 121 apply also to this system and there is a threshold 
Eth for reversible perturbations. However, in this case the 
threshold decreases during the quantum diffusion stage, 
but stops decreasing as soon as the wavefunction becomes 
exponentially localized because after this point no new 
angular momentum components are introduced. There- 



fore, a perturbation s < eth which takes place at any 
time after the wave function has localized, will not affect 
the reversibility of the motion. A side effect of dynamical 
localization is to "freeze" the sensitivity to perturbations 
at the value it had at time t = t when the system local- 
ized. 

In conclusion, we have analyzed an example of a clas- 
sically chaotic quantum system, the quasiperiodic kicked 
rotor, which has a decoherent quantum dynamics with- 
out coupling with a noisy environment. We have shown 
that suitable small perturbations in the initial conditions 
are amplified in a way similar to the classical case and 
as a result, the quantum motion becomes irreversible. It 
should be stressed that by "suitable perturbations" in 
the quantum mechanical context, we mean a small per- 
turbation in the expected value of an observable and not 
a small perturbation in the wave function. As we have 
shown, a small perturbation of the mean value of a quan- 
tum observable may imply a large perturbation of the 
wave function. 

In the case of the periodically kicked rotor, the dynam- 
ical localization prevents a similar effect to take place. 
The quasiperiodic kicked rotor has a dense response spec- 
trum while the periodically kicked rotor has a discrete 
spectrum which produces localization. Thus we conjec- 
ture that a dense spectrum is necessary in order to ob- 
serve intrinsic decoherence in classically chaotic quantum 
systems. We note that this requirement has also been 
proposed in a cosmological context 

The existence of simple quantum systems with intrinsic 
decoherence and the associated time irreversibility and 
high sensitivity to small perturbations in initial condi- 
tions may help to clarify the quantum-classical corre- 
spondence in chaotic systems. 
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